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The present paper deals with the one-dimensional propagation of 
disturbances in an inviscid conducting fluid of finite magnetic Reynolds 
number. The following conspicuous property is shown: The basic 
equations are not hyperbolic but nevertheless the slow wave has a 
domain of dependence determined by the sound velocity. 
I. INTRODUCTION 
The effect of finite conductivity on the propagation of hydromagnetic 
waves of small amplitudes [l] has been investigated by Cole [2] and 
Whitham [3] for the transverse case in which the magnetic field is perpendi- 
dicular to the direction of wave propagation. The present paper deals with 
one-dimensional propagation in a general configuration where the magnetic 
field is oblique to the direction of wave motion. Even if the fluid is inviscid, 
the finite conductivity makes the basic equations parabolic so that in the 
usual sense the wave front proceeds with infinite speed and the existence of 
the domain of dependence will be lost completely. In the present case this is 
true for the fast wave; the slow wave, however, has a domain of dependence 
determined by the sound speed, the wave front of which proceeds with 
finite speed. In Section II the dispersion relation is derived, in Section III 
and IV the above mentioned peculiar property of the slow wave is shown on 
the basis of the Laplace transform, and in the last section the effect of the 
Hall current is taken into account. 
II. THE BASIC EQUATIONS AND THE ASSUMPTIONS 
In this paper we consider the one-dimensional propagation of disturbances 
in a quiescent conducting fluid in a constant external magnetic field Ho so 
that all the quantities will be assumed to be the functions of x and t only. 
The effect of viscosity will be neglected throughout, while that of finite 
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conductivity will be taken into account; however, in small disturbances the 
joule heating resulting from the finite conductivity can also be neglected as 
higher order, hence we may assume that the flow is isentropic. 
The coordinate system is so introduced that the z-component of Ho, Hz,,, 
is zero. The disturbances of the fluid velocity, the density, and the magnetic 
field are denoted by Q., vy, v,, p, and H,, H, respectively, while the unper- 
turbed constant density and the corresponding sound velocity are denoted 
by p. and Q,, respectively. By virtue of the divergenceless condition of the 
magnetic field, the disturbance Hz can be put equal to zero. Neglecting the 
terms quadratic with respect to the disturbed quantities we have the linearized 
system of equations1 
%I aH peat =f$L4’, ax 
aH 8 a2H AH,??&HYO~+-~, 
at hpo ax2 
p H aHz avz 
PO at -G axlax 
c2 a2H 
at 




in which the ordinary Ohmic law for the electric field vector E and the cur- 
rent j, 
u (E + 5 [v x H]) = j 
is assumed. Introducing the dimensionless quantities 
through the equations 
x = Lx’, t = Tt: H, = H,,H;, 
(2.6) 
denoted by a prime 
P = POPI, 
a0 = LT-I, 4 
t&o -.= b,, = b&‘--‘, 
47rPo 
1 In this paper we employ Gaussian units and p denotes the magnetic permeability, 
c the velocity of light in the vacuum. 
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Pfco - = b,, = b&&T-‘, P I Ho I2 
&PO 
-- = b, z b&T-l, 
bP0 
and eliminating w, and w, from Eqs. (2.1)-(2.4) we get 
( a2 a2 
I 
at- =)p’ - b’,2, Cx% = 0, (2.7a) 
( 
a2 b,2 a2 H, _ w  -- - 
1 0 ax’2 Y 
-- 
atI2 ad2 
R-1~2H; o maxw=, (2.7b) 
in which R, stands for the magnetic Reynolds number, given by 
R, = a,,L 4npo/c2. 
In what follows all the primes of these dimensionless quantities will be 
omitted unless otherwise stated. The system of equations (2.7a, b) shows the 
coupling between the density compression and the magnetic disturbance, 
and in the limit as R, -+ m, leads to the fast and slow waves [l], while 
Eq. (2.5) represent the transverse wave [l] and are still separated from the 
remaining equations even for finite R,. 
In order to obtain the dispersion relation resulting from Eq. (2.7) we put 
( 1 L - exp (Pt + qx). I 
Inserting the above expression into Eq. (2.7a, b) and denoting bi,, b:,, and b: 
by rz, I,, and T respectively, we obtain the secular equation 
q2 = ($) (lo + R;lp)-1 
X [1 i- * i R;;‘P f  d( 1 + r + R~lp)~ - 4(r, + Rklp)]. (2.8) 
We now introduce the complex phase velrrities Ai and A, through the equa- 
tions 
x [l + r + R;‘P f  d(l + r + R;;l’p)s - 4(7 + R;l~)]}l’~, (2.9) 
in which subscripts 1 and 2 correspond to the minus and the plus signs on 
the right hand side respectively; it is easy to see that A, and A, tend to the fast 
and the slow speed [l] as R, approaches infinity. Then for any complex 
value of p, q is given by the equation, 
Qi = f  P/&(P) (i = i, 2). (2.8)’ 
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III. A BOUNDARY AND INITIAL VALUE PROBLEM 
We now consider an initial value and boundary value problem, defined as 
follows. The boundary condition: at x = 0, U is given as a function of time 
in the following way, 
U(0, t) 11 ou,@) 
for t>O (A-1) 
for t-co; 64.2) 
the initial condition: at t = 0, U and U, are zero for positive x, namely, 
U(x, 0) = 0 
U,(x, 0) = 0 I for x>o 
where U is a column vector defined by 
lJ=;. ( 1 Y 
PI 
(3-l) 
The solution for the positive value of x, satisfying the above conditions (A) 
and (B) can be given by the Laplace transform, 
w, q - & j exp (Pt + q-4 * U(P) 4% (3.2) 
L 
in which q is given by qi of Eq. (2.8). (Th e complete solution is, of course, 
the superposition of the solutions corresponding to the various 4:s.) The 
contour L is the Bromwich path, with Rep > 0, to the right of all singulari- 
ties of the integrand.2 Deforming the integration path to encircle the positive 
half plane, one can see immediately that the boundary condition (A.2) is 
automatically satisfied, while the initial condition (B) requires that Re q 
must be negative for Rep + 00. Since for ) p / -+ 00, &‘s behave as 
A;1 ---f (R-$p)-112, (3.3a) 
X,l+ 1, (3.3b) 
the above requirement admits among the qi’s of Eq. (2.8) those with negative 
sign, 
(i = 1, 2). (3.4) 
2 These singularities comprise not only those of U(p) but also the branch points of q 
which are given by 
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The solution is the superposition of the elementary solutions with q;s given 
by Eq. (3.4) which clearly expresses the outgoing wave. From Eq. (2.7a) it 
follows that the solution takes the form, 
in which S(p, x) is defined by 
S(P, 4 = ( yy  eal’ r, eqe (h2, - l)ealz (At - l)d*’ 1 
S,-l is equal to S-l@, 0) and has the representation 
while U,(p) is the Laplace transform of U,(t), 




Equation (3.5) can also be written as 
u(x, tj = & I, (4 exp (Pt + w) + 4 exp (pt + w)) dp (3.7) 
if the column vectors A, and A, are introduced through the equations 
4 = K1 UO(P))I (‘h:2 _ 1) 9 (3.8a) 
(3.8b) 
where (S;lUo(p))i, (i = 1,2) denotes the ith component of the column 
vector SF1 U,(p). 
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IV. THE DOMAIN OF DEPENDENCE OF THE SLOW WAVE 
Let us first evaluate the integral for the slow mode characterized by 
exp(pt + qg) in Eq. (3.7). 
From Eq. (3.3b) it follows that qz tends to - p, consequently 
pt + qg, to p(2 - x), as Rep approaches + 00. Hence, deforming the 
path L to encircle the positive half plane, one can see easily that the integral 
(04 J-L 4 exp (~t + w) 4 vanishes if I - x < 0. This shows the 
striking feature that even for the finite value of conductivity the slow dis- 
turbance has a domain of dependence and does not propagate with a velocity 
larger than the sonic one. On the other hand, the fast mode behaves in an - 
usual sense ; namely, from Eq. (3.3a) ql behaves as - l/p as Rep tends to 
infinity and the same deformation of path does not lead to the existence of a 
domain of dependence. 
It seems worthwhile to check these conclusions by the method of steepest 
descent, for the asymptotic behavior of large t. In what follows we consider 
the case that the external magnetic field is neither parallel nor normal to the x 
axis so that both yz and yy differ appreciably from zero. The special configura- 
tion I = 1 will also be excluded from our consideration. Let us for a while 
assume that &‘p is small; then we may expand qi = - p/& as a power 
series in terms of R-,lp, 
4i = - $ [I + 2 c + O(G)] , (4.1) 
where z stands for R;lp and only the zeroth and the first order terms in B are 
written; A, and A, are the fast and the slow speed given by [l] 
and 0~~ is defined by 
A,,, = A1,*(R, = 00) = d 
1 +rfd(l +r)2 -44r, 
2 (4.2) 
and (Y~ is defined by 
oh.2 = - m,2)-" (1 f d/(1 -;);i 4yg). (4.3) 
(The subscripts 1 and 2 correspond to the + and - signs in the right 
member, respectively.) It should be noted that the ai’s are always negative 
and finite. In deriving Eq. (4.1) we assumed not only z < 1 but also 
l (Yi < 1. (4.3) 
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Using the expression (4.1) for the integral (3.7) we have the saddle point given 
by the equation 
namely, 
R,‘p, = 
A&/x) - 1 
at 
If x/t, kept constant, is sufficiently close to (li, not only R-dp, but also 
R-,‘p, ai can be small so that the expansion used above is justified. Therefore, 
one can conclude that the main disturbance of the fast and the slow mode is 
given by the fast and the slow speeds rl, and /le. This result is valid for the 
fast wave in any case; however, for the slow wave some care must be taken. 
Since there is an inequality [l] 
A, 52 min (1, ba), (4.5) 
we may conclude that the main disturbance of the slow mode propagates with 
the speed A, and decreases toward the boundary determined by the sound 
speed, provided that the Alfven velocity is smaller than the sound velocity, 
b, < 1; however if b, > 1 we must be more careful. For instance, let us 
suppose in this case that yy approaches zero so that (i, tends to 1, then (~a 
also approaches zero since I > 1; consequently the assumption (4.3)’ ceases 
to be valid. From the previous result one could expect that an adequate 
method would give the disturbance rapidly decreasing toward the wave 
front x - t = 0, vanishing there exactly. If yy is zero, we can see easily that 
Eq. (2.1)-(2.5) b ecome completely separated into the sonic and the Alfven 
equations and the slow wave becomes the sound wave. 
The boundary condition may be specified so that the fast wave disappears. 
This can be achieved most easily by putting A, = 0, namely, from Eq. (3.8a) 
and (3.6b) we have 
in which p,,(p) and H,,,,(p) are the Laplace transforms of 40, t) and H&O, i) 
respectively. If ~(0, t) (consequently, pO(p)) ’ g‘ IS rven arbitrarily, then H,(O, t) 
must be given by the equation 
K/(0, t) = & s, T,l A,2 p&J) ept dp - y , 
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In view of Eq. (2.9), this equation may be written as 
H,(O, 2) = y p(0, t) + q q - & J D P&>@'~~J (4.6) 
L 
where D is given by 
D = d(1 + r + R~lp)~ - 4(y, + R;p). 
Usually the singularities of p,,(p) are poles on the imaginary axis; hence if Y 
is greater than unity, i.e., the branch points of D have a negative real part, the 
integral of the last terms in Eq. (4.6) can be performed directly by deforming 
the path L to encircle the negative half plane. Namely, in this case the integral 
is given by the sum of the residues at the poles of p,,(p) and the integral along 
the contour encircling the branch cut which connects the two branch points 
of D. Since along the contour the real part of p is negative, the integral 
involves the factor exp (- (I - 1) R,t) which decays exponentialy with 
time. If R, is sufficiently large the contribution from this term may be con- 
sidered as small for large t. Under the boundary condition thus specified, the 
solution is exactly equal to zero in the region, x - t > 0. 
V. THE EFFECT OF THE HALL CURRENT 
In a plasma, the Ohmic law must be modified as follows [4] 
,(E+~VxH+~~pe)=j+~cjxH (5.1)s 
e 
where e is the electric charge, me the electron mass, 7 the collision frequency, 
and rr the density of plasma. 
Assumingp, = p/2, and using Eq. (5.1) for the linearized one-dimensional 
propagation we have 
( 
a2 a2 --- 
at2 ax2 1 P - Gil--g - 
a2ffu _ o I (5.2) 
a2 (- -b&)Hy-$-R&$$ a2H at2 - (5 tan I,!J) * R&‘d asat = 0, (5.3) 
( 
a2 bB a2 __ - 
at2 zo s) 4 - &nl---- ;;zt + (1 cot #) R,’ s = 0, (5.4) 
S We neglect the inertia of electron (the plasma oscillation). 
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in which all the quantities x, t, p, H,, and H, denote the dimensionless ones 
used so far, and # is given by the equation 
while 5 is defined by 
If the mean free path of the electron is sufficiently smaller than the Larmor 
radius of the electron, then [ is small and the effects of the Hall current repre- 
sented by the last terms in Eq. (5.2) and (5.3) can be neglected, so that the 
magneto-accoustic wave and the transverse wave are decoupled. However, 
even if 5 is not negligibly small it can be shown that there still exists a mode of 
propagation with the domain of dependence given by the sound velocity. 
The secular equation corresponding to Eq. (2.8) becomes 
[(YZ + c)” + (W”1 $ - P2[(Ya! + 4 (2 + r + 4 + (k)“] 4” 
+ p4(1 + y  + r% + 24 42 - pa = 0. (5.5) 
In the limit 1 p I--+ 00, the above equation may be approximated by 
(P + 1) ‘2(4/P)s - (5” + 1) c2(q/p)4 + 2c(q/p)2 - 1 = 0 . 
Hence we still have one root q which behaves as q N--P for Rep-+m; 
consequently, the mode corresponding to this root has a domain of depend- 
ence associated with the sound velocity. 
CONCLUDING REMARKS 
Recently Soluyan and Khokhlov [5] investigated the propagation of simple 
finite-amplitude waves in a dissipative medium. The effects of viscosity and 
thermal conduction as well as electric conductivity are taken into account. 
They assume that not only disturbances of density, flow velocity, and magne- 
tic field but also all the dissipative coefficients are of first order of smallness 
characterized by a parameter 6 and that the disturbances are given in a form 
F(6x, t - x/A~,~). They neglect everywhere the small terms of order 62 and 
higher; consequently, the nonlinear effects of order a2 are included. However, 
the effects of dissipative terms are taken into account not exactly but appro- 
ximately. Because of this approximate treatment of the dissipative terms 
their results do not imply the existence of domain of dependence for the 
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slow wave, even if the viscosity and the thermal conduction as well as the 
nonlinear terms are neglected so that the case in the present paper is realized. 
(We exactly take into account the effect of finite conductivity.) 
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